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We consider the singularities of the zero temperature renormalization group flow for random 
elastic manifolds. When starting from small scales, this flow goes through two particular points I* 
and Z c , where the average value of the random squared potential (U 2 ) turnes negative (?*) and where 
the fourth derivative of the potential correlator becomes infinite at the origin (Z c ). The latter point 
sets the scale where simple perturbation theory breaks down as a consequence of the competition 
between many metastable states. We show that under physically well defined circumstances l c < I* 
and thus the apparent renormalization of {U 2 } to negative values does not take place. 
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Consider an elastic manifold with d internal degrees of freedom embedded into a (d + iV)-dimensional space in the 
presence of a random potential U(u,r). The free energy of the manifold takes the form 



T[u] = J d d i 



C/du 
2\dr 



U(u,r) 



(1) 



with C the elasticity. The random potential Z7(u, r) is assumed to be gaussian with an isotropic correlator 
(U(u, r)U(u', r')) = K(\u — u'\)S(r — r'). The model Hamiltonian (Q) describes a large class of disordered systems 
including random magnets, dislocations in metals, and vortices in superconductors 

In a recent paper M the functional renormalization group (FRG) approach has been used in order to calculate the 
critical force for the depinning of a (4 + iV)-dimensional elastic manifold in the presence of a weak random potential. 
The collective-pinning scale has been identified with the FRG flow point, where the fourth derivative of the correlator 
of the random potential at the origin K^ 4 \0) becomes infinite. By induction it is possible to show that all the higher 
even derivatives also become singular. However, if we look at the equation for the correlator itself, it turns out that 
this equation also exhibits a singularity: at some length I* the average value of the random potential squared Ki*(0) 
becomes negative. This situation is, of course, unphysical. The goal of this note is to show that the collective-pinning 
scale l c is always smaller than the length I* at which the average value of the pinning potential squared becomes 
negative. We briefly review the method of the calculation of the collective-pinning length used in Ref. || for the 
(d + A^)-dimcnsional problem, determine the two length l c and I* and show that l c < I* for a physical situation. 
The one-loop zero temperature FRG equation for a (d + iV)-dimensional elastic manifold can be written in the form 



dl 



= (4-d-4C)«i(ii) + Ci 



•m*T(u) 



-Kr(u)Kr(u)-Kr(u)Kr(o) 



(2) 



where C is the wandering exponent, I — Ad/C 2 A 4 ~ d (Ad = 2n d l 2 /T(d/2) and A -1 is the short scale cutoff ), and the 
upper indices p, and p denote the derivative with respect to the cartesian coordinates p and p. Differentiating this 
equation four times with respect to u and substituting u = 0, we obtain || 



d/^ (4) (0) 
dl 



(4 



rf)^ (4) (o) 



I(N + , 



*J 4) (0), 



(3) 



where K ; (4) (0) = d 4 Ki/du 4 
defined by 



Integrating Eq. (|3|) we find that the function Kj 4 \o) becomes infinite at the scale I 



4-d 



In 1 



3(4 - d) 



I(iV + 8)^ 4) (0) 



(4) 



The scale l c defines the collective-pinning radius R c 



'/A. 



On the other hand, differentiating Eq. (El) twice with respect to u and setting u = we obtain 



1 



^ (2)(0) ^(4- d -2C)^(0). 
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(5) 



This equation again can be easily solved and substituting the expression for (0) into Eq. (||) with u = we find 
that K(0) becomes negative at the scale H 



4-d 



In 1 



2(A-d)K(0) \ 
INK( 2 )(0) 2 J 



(0) 



The scheme used in Ref. Q for the determination of the collective pinning radius R c is valid only if l c < I*. Thus, 
we have to prove that indeed in a physical situation I* > l c . Taking into account Eqs. (Q) and we can write this 
inequality in the form 



3N K (0)K { 4 \0) 



2(N + 8) 



(7) 



Next, let us show that the inequality (0) is satisfied for any physical correlator K(u) with a positive Fourier transform 
K(k) = J duK(u) exp(iku) j7] ; the distribution of the Fourier components of the potential U is then given by the 
product V(U-k) oc rik ex P ( — ^k/2AT(k)) and is well defined as long as K(k) > 0. The condition K(k) > implies 
that K(u) can be represented in the form 



K(u) = J du'P(u - u')P(u'). 



(8) 



Taking into account that Aif(u = 0) = NK^(0) and A 2 K(u = 0) = [N(N + 2)/3] K^(0), with A the Laplace 
operator in the A^-dimensional space, we can rewrite the right hand side of the inequality (Q) in the form 



3N A 2 K(u = 0)K(u = 0) 



^ 2) (o) 



AT- 



[AK(u = 0)Y 



(9) 



Using the Schwarz inequality (2/1,2/2) < \\yi\ \ II2/2II and Eq. (g), with the scalar product and the norm defined as 
(2/1,2/2) = J du yi (u)y 2 (u) and || yi || = [/ duy 2 (u)] 1/2 (in particular, K(Q) = \\P\\ 2 , AK(0) = (P,AP), and A 2 if (0) = 
||AP|| 2 ), we arrive at the result 



/f (0)^ 4) (0) _ 37V A 2 K{u = 0)K(u = 0) 3A^ 



^ 2) (o)' 



We then can reformulate the condition 



N + 2 

to read 
3iV 



[A^(u = 0)]" 



iV + 2 



(10) 



< 



3iV 



2(A^ + 8) ~ iV + 2' 



(11) 



which is always true and hence I* > l c for any physical correlator iio( u )- At the point l c the third derivative ATp^(O) 
exhibits a jump H and the FRG equations (|) and (0) break down as we have used the fact that all odd derivatives 
of the correlator vanish at the point u = in their derivation. The appearance of new terms in the FRG equations 
will then prevent the function Ki(0) from taking negative values at scales beyond l c . 
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